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Abstract 

An AF-algehra is assigned to each cusp form / of weight two; 
we study properties of this operator algebra, when / is the Hecke 
eigenform. 
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1 Introduction 

A. The Hecke eigenforms. Let > 1 be a natural number and consider 
a (finite index) subgroup of the modular group given by the formula: 

ro(A^) = |(^^ e SL{2,Z) \ c = mod nY 

Let M = {z = X + iy E C \ y > 0} he the upper half-plane and let ro(A^) act 
on H by the linear fractional transformations; consider an orbifold Il/ro(iV). 
To compactify the orbifold at the cusps, one adds a boundary to H, so that 
H* = HUQU{oo} and the compact Riemann surface Xo(A^) = H*/ro(A^) is 
called a modular curve. A collection of the meromorphic functions f{z) on 
H, which vanish at the cusps and such that: 
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is called cusp forms of weight two; the (complex linear) space of such forms 
will be denoted by S'2(ro(A^)). The formula f{z)y-^uj = f{z)dz defines an 
isomorphism S'2(ro(A^)) = Qhoi{Xo{N)), where Qhoi{Xo{N)) is the space of 
holomorphic differentials on the Riemann surface Xq{N). Note that 
dimc{S2{To{N)) = dimc{^hoi{Xo{N)) = g, where g = g{N) is the genus 
of the surface Xo(A^). A Hecke operator, T„, acts on 5'2(ro(A^)) by the for- 
mula Tnf = Em&'y{m)q"', where 7(m) = Ea\GCD{m,n) ac^n/a^ and f{z) = 
J2mez c{m)q''^ is the Fourier series of the cusp form / at g = e^'^*^. The T„ is a 
self-adjoint linear operator on the vector space S'2(ro(A^)) endowed with the 
Petersson inner product; the algebra Tn := Z[Ti,T2, . . .] is a commutative 
algebra. Any cusp form G S'2(ro(A^)), which is an eigenvector for one 
(and hence all) of T„, is referred to as a Hecke eigenform; such an eigenform 
is called rational, whenever its Fourier coefficients c(m) G Z. 

B. An AF-algebra Af. Let / G S'2(ro(A^)) be a cusp form and u = fdz 
the corresponding holomorphic differential on Xo(A^). We shall denote by 
(p = Reu a. closed 1-form on Xo(A^) and consider its periods Aj = Xy. against 
a basis 7^ in the (relative) homology group Hi{Xq{N), Z{(j)); Z), where Z{(j)) 
is the set of zeros of 0. Assume Ai 7^ and take a vector 6 = {61, ... , 6n-i) 
with 6i = Aj+i/Ai. The Jacobi-Perron continued fraction of 6 ([2J) is given 
by the formula: 

where bi = {b^i \ . . . , &i*li)"^ is a vector of the non- negative integers, / the unit 
matrix and I = (0, . . . , 0, 1)'^. By Af we shall understand an (isomorphism 
class of) y4F- algebra given the Bratteli diagram with the partial multiplicity 
matrices B^. Recall, that the AF-algebra is called stationary, if = B = 
Const [5j. 

C. The result. Let A/^ be an AF- algebra, such that /a? G S'2(ro(A^)) is a 
Hecke eigenform. Our main result can be stated as follows. 

Theorem 1 The Aj^ is a stationary AF -algebra, unless is a rational 
eigenform, in which case Af^ = C. 

Theorem [T] is proved in section 2. Since our note does not include a formal 
section on the preliminaries, we encourage the reader to consult [5] [AF- 
algebras), |1] (cusp forms) and [2] (the Jacobi-Perron continued fractions). 
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2 Proof 



A standard dictionary (|5j) between the AF-algebras and their dimension 
groups is adopted. Instead of deahng with A/, we work with its dimension 
group = (G, G^), where G = is the lattice and = {(xi, . . . , x„) G 
Z" I 9iXi + . . . + 9n-iXn-i + x„ > 0} is a positive cone. Recall, that is 
abelian group with an order, which defines the AF-algebra A/, up to a stable 
isomorphism. We arrange the proof in a series of lemmas. First, let us show, 
that A/ is a correctly defined AF-algebra. 

Lemma 1 The Af does not depend, up to a stable isomorphism, on a basis 
mi/i(Xo(iV),Z(0); Z). 

Proof. Denote by m := ZAi + . . . + ZA„ a Z-module in the real line R. 
Let {7j'} be a new basis in ifi(Xo(A^), ^(0); Z), such that 7^' = Yl]=i(^ijlj 
for a matrix A = (aij) G GLn{z). Using the integration rules, one gets: 
X = I^'^<P = /E;^,a,,7, = E"=i40 = E]=iaij^j- Thus, m' = m and 
the change of basis in the homology group Hi{Xq{N), Z{(f)); Z) amounts to a 
change of basis in the module m. It is an easy exercise to show, that there 
exists a linear transformation of Z" sending the positive cone G~^ of G^^ to the 
positive cone {G~^)' of Ga'.- In other words, A'r and Af are stably isomorphic. 
□ 

Let /at G S'2(ro(A^)) be the Hecke eigenform; the Fourier coefficients c(m) 
of /at are algebraic integers and we denote by K/^ = Q(c(m)) an extension 
of the field Q by the Fourier coefficients of Jn- The K/^ is a real algebraic 
number field of degree 1 < deg (]Kj^|q) < g, where g is the genus of surface 
Xq{N). Along with Kj^, consider an n-dimensional abelian variety Af^ = 
C"'/{Zzi + . . . + ZZn), where Zi = a; at are the (complex) periods of 
against a basis 7^ in Hi{Xq{N);Z). It is well known, that n = deg (K/^|q), 
cf. [1], Proposition 6.6.4. 

Lemma 2 The (scaled) periods Aj belong to the field K/^. 

Proof. Let m = ZAi + . . . + ZX2g be a Z-module generated by A^; we seek 
the effect of the Hecke operators on m. By the definition of a Hecke 
eigenform, TmfN = c{m)fN for all G T^. In view of the isomorphism 
S'2(ro(A^)) = Vthoi{XQ{N)) , one gets TmOJN = c{m)uN, where un = fndz. 
Then Re (T^un) = T^iRe co^) = Re {c{m)uN) = c{m)Re un- Therefore, 
Tm'pN = c{m)(f)N, where 0Af = -Re un. The action of on Z-module 
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m can be written as Tm(m) = /^^ Tm(pN = Jhi (^{^)'Pn = c(m)m, where 
Hi := Hi{Xq{N) , Z{(j)jq)] Z). Thus, the Hecke operator act on the module m 
as multiphcation by an algebraic integer c(m) e K/^. 

The action of Tm on m = ZAi + . . . + ZA„ can be written as T^A = c(m)A, 
where A = (Ai, . . . , A„); thus, Tm is a linear operator (on the space M"), whose 
eigenvector A corresponds to the eigenvalue c(m). It is an easy exercise in 
linear algebra, that A can be scaled so that Aj lie in the same field as c(m); 
lemma [2] follows. □ 

Case I. Let /at be an irrational eigenform; then n = deg (K/^|q) > 2. 
Note, that ZAi + . . . + ZA„ is a full (i.e. maximal rank) Z-module in the 
number field K/^. Indeed, rank (tn) < n, since Zn+i = Y17=i'^i^i ^ ^) 
and Xi = Re Zi. On the other hand, Af^^ is an irreducible variety, in the 
sense that there are no Hecke eigenforms G S'2(ro(A^)), such that Kf^ is 
a subfield of K/^; thus, rank (m) = n. 

Lemma 3 The vector (Ai, . . . , A„) has a periodic ( J acobi- Perron) continued 
fraction. 

Proof. Since m C Kj^^ is a full Z-module, its endomorphism ring End (m) = 
{a G Kj^ : am C m} is an order (a subring of the ring of integers) of the 
number field Kj^; let m be a unit of the order [3], p 112. The action of u 
on m can be written in a matrix form AX = uX, where A is a basis in m 
and A G GLniz); with no loss of generality, one can assume matrix A to be 
non-negative in a proper basis of m. 

According to [I], Prop. 3, the matrix A can be uniquely factorized as 

yl=^^ ^^^...^^ ^ ^, where vectors 6j = {bi \ . . . .b^^-iY have non- 
negative integer entries. By [6J, Satz XII, the periodic continued fraction 



converges to a vector A' = (A'j^, . . . , AJ^), which satisfies the equation AX' = 
uX' . Since AX = uX, the vectors A and A' are coUinear; but coUinear vectors 
have the same continued fractions [2]. □ 

The first case of theorem [1] follows from lemma[3l since Af^ is a stationary 
AF-algebra, whose period is given by the matrix A. 
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Case II. Let be a rational eigenform; in this case n = 1 and = Q. 
The Bratteh diagram of Af^^ is finite and one-dimensional; therefore, = 
Ml (c) = C. This argument finishes the proof of theorem [H □ 

3 Final remarks 

The Af^ is an interesting AF-algebra on its own right; aside, it captures 
geometry of the abelian variety ^4/^^, which is critical for modularity theory 
of the rational elliptic curves This paper is preparatory for a forthcoming 
study of i^-theory of the crossed product of Af^^ by the endomorphisms, 
generated by the Hecke operators T„. 
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